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Abstract1

Industrial and biomass burning emissions of black carbon (BC) from low- and mid-latitudes2

dominate the radiative forcing by absorbing impurities trapped in snow and ice at mid- and3

high- northern latitudes. Correct model representation of albedo reduction by BC-contaminated4

snow is crucial because our GCM simulations show that dirty snow can explain about 30% of5

the observed 20th century Arctic warming. Until now, measurements of actual snow darkening6

by BC have been attempted only in the field, under non-reproducible conditions, and limited7

by the BC concentration that happens to be present.8

We have conducted the first measurements of the direct effect of BC-contamination on9

snow albedo by in a controlled environment. We doped natural snow with a commercially10

available BC-analogue and measured the resulting albedo change at visible and near-infrared11

wavelengths. Snow albedo was measured in a (portable) integrating sphere system. Snow grain12

size is estimated from the near-infrared albedo. Snow density, temperature, and BC properties13

were known a priori. The albedo measurement reproducibility is about 1% for natural snow.14

Our measurements agree with model predictions that BC concentrations from 250 ppbmto15

200 ppmm darken visible snow albedo by 1–70%. This experimental confirmation of the mod-16

eled albedo reduction has limits: First, BC contamination of polar snow and ice is typically17

< 30 ppbm, an order of magnitude smaller than our albedo sensitivity. Second, horizontal and18

vertical “edge effects” in our measurement system produce visible albedos that differ from19

semi-infinite, plane-parallel geometries by about fxm. Finally, BC deposited in polar regions20

may be aged, hygroscopically coated, and/or internally mixed with snow grains. Hence our21

results are an early step toward evaluating and improving model representation of BC effects22

in the complex cryosphere. Moreover, the fast, lightweight system makes possible in situ mea-23

surements of snow albedo in remote locations during IPY.24

1 Introduction25

Light-absorbing impurities including black carbon (BC) and dust reduce snow and ice reflectivity26

(Warren and Wiscombe, 1980; Chýlek et al., 1983) and can thereby trigger ice-albedo feedbacks27
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(Warren, 1984, e.g.,). If our representation of the associated processes in climate models is ade-28

quate, then snow-darkening by anthropogenic BC deposition is a major contributor to recent Arctic29

warming (Hansen and Nazarenko, 2004; Jacobson, 2004; Flanner et al., 2007; Quinn et al., 2008).30

Here we report the first laboratory measurements of the direct effect of BC-contamination on snow31

albedo in a controlled environment.32

BC darkens snow and alters climate through a series of processes that climate models ap-33

proximate with varying degrees of uncertainty. The fundamental cause of snow darkening is the34

contrast between the single scattering albedo of BC, the darkest aerosol, and that of snow, the35

brightest surface. These single scatter albedos depend, respectively, on the chemical composi-36

tion, structure, and mixing state of BC (Bond and Bergstrom, 2005), and on the size and shape37

of snow crystals (Warren and Wiscombe, 1980; Grenfell and Warren, 1999). Models show that38

15 ppbm (parts-per-billion-by-mass) of BC externally mixed in snow of optically-equivalent effec-39

tive radius re = 100µm will darken the snow albedo by about 1% at the mid-visible wavelength40

λ = 500 nm (Grenfell et al., 1994).41

Many recent regional-to-global studies follow the approach to estimating BC-perturbation of42

snow albedo outlined by Warren and Wiscombe (1980). Flanner et al. (2007) represent aspherical43

effects through the specific-surface-area (Grenfell and Warren, 1999, e.g.,). Flanner et al. (2007)44

account for aspherical effects by prognosing SSA (or, equivalently, effective radius) instead of45

number size distribution. Jacobson (2004) and Flanner et al. (2007) both account for coated BC.46

Hansen and Nazarenko (2004) Jacobson (2004) Krinner et al. (2006) Flanner et al. (2007) ?47

Flanner et al. (2007) analyzed five sources of uncertainty that affect the instantaneous surface48

radiative forcing ∆F sfc
R caused by BC impurities in snow. The fxm, in decreasing order of impor-49

tance to ∆F sfc
R , were 1. BC emission strength (i.e., total amount available to darken snow), 2. Snow50

aging (affects snow crystal size and thus reflectivity), 3. Melt scavenging (residence time of BC in51

snowpack), 4. BC optical properties, and 5. snow cover fraction (land fraction covered by given52

snow thickness). Although these sensitivity tests were formulated subjectively, the results indicate53

how robust54

At least two previous measurement techniques have been employed to estimate the albedo55

perturbation of BC in snow. First, the near-infrared (NIR) albedo of snow is not sensitive to small56

impurity concentrations and is therefore used to constrain the optically equivalent snow grain size57

in a snow radiative transfer model (Warren and Clarke, 1990). NIR-reflectance techniques have58

been used with spectrometers to perform rapid snow pack stratigraphy in the field (Painter et al.,59

2007). The hypothetical albedo of pure snow is then estimated (Warren, 1982) using the NIR-60

determined snow grain size, and is compared to the measured visible albedo of BC-contaminated61

snow. Additional analysis (e.g., minimized residuals of spectral mixtures) can help segregate the62

effects of BC from other known contaminants such as dust (Warren and Clarke, 1990).63

The second method for estimating the albedo perturbation by BC requires laboratory facilities.64

Collected snow samples are melted and filtered. Filters are then analyzed using thermo-optical65

techniques to measure elemental carbon, organic, or total carbon (?), or by pure optical techniques66

previously calibrated against standard soot absorptance (Noone and Clarke, 1988). The latter67

method yields a BC concentration which is self-consistent with the assumed optical properties.68

This concentration may then be used to estimate the (and/or compare to the field-measured) snow69

albedo.70

The commonality of these previous studies is that the contaminant mass is a priori unknown.71

Our experiments test the albedo perturbation of a known mass of BC. We dope natural snow with72
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pre-measured quantities of BC in order to assess the adequacy of snow radiative transfer models at73

reproducing observed albedo perturbation over orders of magnitude of BC mass.74

1. rdsffc effective radius Munneke et al. (2008)75

2. ryt ray-tracing Picard et al. (2008)76

2 Methods77

Our procedure measure the perturbation to snow albedo by BC followed these steps:78

1. Collect fresh surface snow79

2. Weigh BC80

3. Weigh snow81

4. Separately blend control and BC-doped snow samples82

5. Dilute snow samples as necessary83

6. Measure snow density84

7. Measure 1310 nm-reflectance85

8. Measure 630 nm-reflectance86

We collected surface snow for these experiments during short expeditions to nearby Chamrousse87

Ski Station (elevation∼ 1750 m). To minimize accumulation of impurities, all specimen collection88

took place within 24-hours of snowfalls lasting at least 24-hours. Any impurities present in the89

fresh snow samples contribute to excess absorption in both the clean and doped snow experiments90

described below.91

Prior to collection we measured in situ properties (air and snow temperature, snow density and92

stratigraphy). Near surface air temperature never exceeded T = −0.5 ◦C between snowfall and93

collection. Surface specimens (top ∼ 50 cm) were transported to LGGE. All subsequent handling,94

preparation, and measurement of snow took place in a constant-temperature (−15 ◦C) cold-room95

facility at LGGE.96

We doped snow with commercially available Monarch 120 Carbon Black supplied by Cabot97

Corporation (Billerica, MA, USA). Monarch 120 is most similar to the discontinued product98

Monarch 71 used to calibrate optically effective BC concentration in many previous studies (e.g.,99

Clarke and Noone, 1985; Warren and Clarke, 1990; Clarke et al., 2004) (S. Warren, personal com-100

munication, 2007). Monarch 120 is not, strictly speaking, soot (Watson and Valberg, 2001), nor101

is it pure elemental carbon (EC). Monarch 120 is our experimental analogue for light-absorbing102

carbon (Bond and Bergstrom, 2005) aerosol in the climate system, and we refer to it simply as BC103

henceforth.104

BC samples of 3–100 mg were weighed on a precision scale, then mixed into the snow spec-105

imens of approximately 440 g. Mixing was accomplished with a commercially available blender106

composed of aluminum and stainless steel. Blending for one minute, adding BC, then blending for107

2.5 minutes produced darkened snow that appeared homogeneous. This mixing procedure created108

doped snow with initial BC mixing ratios 7.5 ≤ mmrBC ≤ 221 ppmm. Some of this material109

was diluted with clean snow in the blender to obtain BC mixing ratios as low as qBC = 250 ppbm.110

One minute of additional blending was performed per dilution stage.111
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Blank snow specimens were created with the same procedure, but without adding BC. To pre-112

vent contamination, separate sets of mixing elements were maintained for the blanks and doped113

samples. All components were washed in 18 MΩ-cm water between uses, and no residual BC was114

noticed on the mixing elements.115

The key optical measurements were made with the integrating sphere described in Gallet et al.116

(2008), hereafter GDZ09. Collimated radiation from diode lasers strikes a snow sample flush with117

the sphere bottom. After multiple scattering, the diffuse radiation striking an InGaAs photodiode118

is converted to a voltage. The photodiode sits behind an optical baffle to screen-out specular reflec-119

tion. The voltage-to-reflectance conversion is calibrated by measurements of reflectance standards120

(Sphere Optics Inc.) made before and after snow sample measurement.121

Our experiments used two diode-lasers (635 and 1310 nm) so we could measure the visible122

and NIR snow albedos, A635 and A1310, respectively. Hence we refer to this system as DUFISS,123

the DUal-Frequency Integrating Sphere for Snow. GDZ09 describe more fully the geometric and124

optical properties of DUFISS.125

2.1 Models126

Snow reflectance is primarily determined by it specific surface area (SSA), the surface-area-to-127

mass ratio (Grenfell and Warren, 1999). SSA is inversely related to the optically effective snow128

grain size, aka effective radius re. Snow NIR reflectance is highly correlated with SSA (Domine129

et al., 2006), and is insensitive to small amounts of impurities. GDZ09 describe how we calibrate130

1310 nm reflectance A1310 to SSA measured by methane adsorption techniques.131

Snow albedo simulations were performed with the Shortwave Narrow Band (SWNB2) radiative132

transfer model Zender et al. (1997); Zender (1999); Zender and Talamantes (2006). SWNB2133

solves for all radiant quantities at 10 cm−1 spectral resolution from 0.2–5.0 µm using the discrete134

ordinates technique (Stamnes et al., 1988). Ice refractive indices at 635 and 1310 nm values are135

as in Warren and Brandt (2008). Snow samples were treated as plane-parallel and homogeneous136

(constant density with depth). Edge effects are discussed below.137

Model inputs include the snow density (measured), snow SSA (estimated from 1310 nm re-138

flectance as in GDZ09), and the geometric standard deviation σg of the snow grain size distribu-139

tion. Grenfell and Warren (1999) found σg = 1.6 is typical at the South Pole, and Flanner and140

Zender (2006) showed σg = 2.3 best fits observed grain-size evolution for young snow, and Gallet141

et al. (2008) found σg = 1.4 best matches reflectance measurements at λ = 1550 nm. The modeled142

reflectance for σg = 2.3 is greater than that for σg = 1.4 by about 0.8% and 1.1% for λ = 635 and143

1310 nm, respectively. This study uses σg = 2.3 for consistency with the SNICAR model.144

Our treatment of BC optical properties is identical to Flanner et al. (2007). Spectral variation of145

the BC refractive index is from Chang and Charalampopoulos (1990). A lognormal BC size distri-146

bution is assumed with number-median radius 50 nm and geometric standard deviation σg = 1.5.147

Tuning the BC density to 1322 kg m−3 leads to a mass absorption coefficient ψ = 7500 m2 kg−1 at148

λ = 550 nm, in agreement with the central estimate of Bond and Bergstrom (2005). We perform149

sensitivity studies to the effects of sulfate coatings on BC. These coatings increase the mass ab-150

sorption coefficient relative to uncoated BC of the same mass by a factor of about 1.6 (Bond et al.,151

2006).152
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Table 1: Measurements

BC λ N ID
0.0 ppbm 635 5 20071211c
0.0 ppbm 635 5 20071210d
0.0 ppbm 1310 3 20071211d
0.0 ppbm 635 10 20080130b
0.0 ppbm 1310 3 20080130e
250 ppbm 635 10 20080131a
250 ppbm 1310 3 20080131c
750 ppbm 635 10 20080130h
750 ppbm 1310 3 20080130g
1.5 ppmm 635 10 20071211a
1.5 ppmm 1310 3 20071211f
7.5 ppmm 635 10 20080130a
7.5 ppmm 1310 3 20080130f
16 ppmm 635 10 20071210f
16 ppmm 1310 3 20071210c
221 ppmm 635 5 20071206e
221 ppmm 1310 1 20071207d

2.2 Edge Effects153

Boundary conditions include the snow sample depth (25 mm), and sample-holder reflectance (0.06).154

2.3 Measurements155

We report here reflectance measurements from N = 97 individual snow samples (summarized in156

Table 1). Samples were either clean (not doped) or doped with one of six BC mixing ratios qBC157

between 250 ppbm and 221 ppmm. The darkest doped snow (qBC = 221 ppmm) has These three158

orders of magnitude of BC concentration do not overlap159

3 Results160

Wow!161

4 Discussion162

Our measurements suggest that BC perturbs visible albedo by less than some earlier studies. ?163

state that 100 ppmm BC reduces albedo at 0.5 µm from 0.95 to 0.1, based on a polynomial fit to164

Figure 1c of Jacobson (2004). Our experiments suggest 100 ppmm a reduction of fxm to fxm.165

These discrepancies are likely explicable in terms of differences in the assumed BC refractive166

index.167

5 Conclusions168

Clean snow:169
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• Using specific surface area (inferred from 1310 nm reflectance) improves visible snow albedo170

predictions (at 635 nm)171

Dirty snow:172

• First controlled measurements of snow darkening by impurities173

• Albedo within ∼ 1% of predictions from 250 ppm to 250 ppb174

• Closer agreement with externally mixed uncoated BC than with externally mixed sulfate-175

coated BC176

LGGE Integrating Sphere for Snow Albedo:177

• Natural snow variability limits measurement reproducibility to albedo changes of ∼ 1%178

(∼ 250 ppb BC)179

• Portability makes possible in situ snow albedo measurements for, e.g., cal/val of satellite-180

retrieved snow SSA/albedo181
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Figure 1: Measured and modeled snowpack reflectance for varying soot (BC) concentration.
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Figure 2: Measured vs. modeled snowpack reflectance for varying soot (BC) concentration. Estimated
SSA.
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6 Integrating Spheres182

An “ideal” integrating sphere would differ from our apparatus in at least three ways:183

1. Its large aperture would eliminate horizontal boundary effects caused by the sample holder184

walls. The plane-parallel geometry would allow snow of all depths, not just surface snow, to185

“see” the sphere as an hemispheric (2π sr) aperature.186

2. Its deep sample-holder would always appear “semi-infinite” (Wiscombe and Warren, 1980),187

i.e., the sample holder bottom would contribute negligibly to surface albedo measurements.188

3. The cavity would be perfectly spherical and reflective, with negligible surface area devoted189

to optical probes, baffles, and sensors.190

Our measurements can be affected by both these issues, so we simulate their impact using geomet-191

rical and optical reasoning. Three ways in which the measurements deviate from those expected192

from an “ideal” apparatus can be The finite aperture of the integrating sphere reduces the solid193

angle subtended by sub-surface snow. Moreover, light snow allows incident radiation to penetrate194

to and be absorbed by the sample holder bottom (albedo= 0.06).195

This fraction is strongly wavelength dependent. penetrate through the sample and to absorbed196

by the sample holder.197

6.1 Geometry198

Consider an integrating sphere of radius RIS that has an aperture of radius Rs at the bottom (Fig-199

ure ??). Beneath the aperature is a sample cylinder of radius Re ≥ Rs and thickness ze. The200

sample cylinder is full of snow whose exposed surface is approximately tangent to the integrat-201

ing sphere. Snow at radius r from the center and depth z from the surface subtends an angle202

ψ(r, φ, z;Rs) within the sphere. Here φ is the azimuthal angle in the plane of the sample. The203

semi-colon separates dependence on continuous, integrable variables (r, φ, z) from dependence on204

fixed parameters (Rs).205

During fabrication of the integrating sphere, the finite “lip” between the sphere and the sample
holder was beveled and reflectively coated to ensure that upwelling radiation that impinges on the
lip is directed into the sphere. Thus surface snow has ψ(r, φ, 0;Rs) ≈ π. Some light up-scattered
from sub-surface snow misses the aperature and falls within the geometric shadow of the sample
holder walls. The planar angles ψ1 and ψ2 subtend the “shadowed” portion of the hemisphere from
the walls to the bottom of the integrating sphere. These angles supplement ψ such that

ψ1 + ψ + ψ2 = π

ψ = π− (ψ1 + ψ2) (1)

Trigonometric relationships link the planar angles to the integrating sphere and sample-holder206

geometry. The relationship depends on the on the lengths of circular chords that pass through207

the point. The radial distance r from the center and the azimuthal angle φ of the chord together208

determine how “off-center” each point sits along a given chord. Points centered on the chord have209

ψ1 = ψ2, and all other points cut the chord into two uneven pieces. The planar angles (1) follow210

immediately as the arctangent of the sample depth divided by the partial chord lengths.211
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The circular symmetry of the sample and integrating sphere allow us to imagine each small
element of snow as laying on the x-axis. The azimuthal direction φ = 0 is parallel to the y-
axis and fixes the “north” end of the sample in the sample plane. First consider the planar angles
subtended by the sample for φ = π/2, i.e., angles in the plane which contains the x-axis. This
plane also contains the origin and creates chords, therefore, that are also diameters of the sample
aperture. Each chord (diameter) has length 2Rs. Points on these chords are distances Rs − r and
Rs + r from the near and far edges of the aperture, respectively. The planar angles subtended from
depth z are

ψ1(r, φ = π/2, z;Rs) = arctan

(
z

Rs − r

)
(2a)

ψ2(r, φ = π/2, z;Rs) = arctan

(
z

Rs + r

)
(2b)

Next consider the planar angles subtended by the sample for φ = 0, i.e., angles in the plane
which is parallel to the y-axis. Points bisect these chords into two equal segments. The chords
are not diameters so the segments are not radii as in (2). Each segment forms a right triangle with
hypotenuse length Rs and other side length r. The Pythagorean theorem establishes the length of
each half-chord as

√
R2

s − r2. The planar angles subtended from depth z are, therefore,

ψ1(r, φ = 0, z;Rs) = ψ2(r, φ = 0, z;Rs) = arctan

(
z√

R2
s − r2

)
(3)

The above procedure extends to the planar angles subtended by arbitrary azimuthal angles. In
general, the chord segments are not diameters (2), nor are they equal in length (3). Instead, points
cut their chords a distance r sinφ from the bisection (chord-center) point, and form unequal chord
segments. This displacement from chord-center is one side of a right triangle with hypotenuse r.
The other side, of length r cosφ, is the distance of the bisection point from the sample center.
A bisected chord at azimuthal angle φ, therefore, is length

√
R2

s − r2 cos2 φ. This length, adjusted
by the displacement of the snow element from chord center, gives the distances of the snow element
to the edges of the sample holder along the azimuthal angle φ. The planar angles follow directly
from these chord segment lengths and the snow depth,

ψ1(r, φ, z;Rs) = arctan

(
z√

R2
s − r2 cos2 φ− r sinφ

)
(4a)

ψ2(r, φ, z;Rs) = arctan

(
z√

R2
s − r2 cos2 φ+ r sinφ

)
(4b)

One can see that (4) reduces to (2) and (3) for φ = π/2 and φ = 0, respectively.212

Circular symmetry of the sample aperture leads to multiple symmetries in the planar angles.
First, the supplementary angles are mirror symmetric about φ = 0. Substituting −φ for φ in (4):

ψ1(r, φ, z;Rs) = ψ2(r,−φ, z;Rs) (5a)
ψ2(r, φ, z;Rs) = ψ1(r,−φ, z;Rs) (5b)
ψ(r, φ, z;Rs) = ψ(r,−φ, z;Rs) (5c)
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The third relation follows from using (5a) and (5b) in (1). Similarly, the planar angles are symmet-
ric under rotation by π:

ψ1(r, φ, z;Rs) = ψ2(r, φ+ π, z;Rs) (6a)
ψ2(r, φ, z;Rs) = ψ1(r, φ+ π, z;Rs) (6b)
ψ(r, φ, z;Rs) = ψ(r, φ+ π, z;Rs) (6c)

The third relation follows from using (6a) and (6b) in (1).213

We are interested in the field-of-view (FOV) within the integrating sphere seen by a snow
element in the sample holder. The mean planar angle ψ̄ of the spherical cavity seen by each snow
element is the planar (i.e., two-dimensional) FOV of the point. By definition,

ψ̄(r, z;Rs) ≡
2

π

∫
π/2

0

ψ(r, φ, z;Rs) dφ (7)

That evaluating ψ only over a quarter-circular domain, i.e., 0 < φ < π/2, suffices to determine its214

azimuthal-mean follows from (5c) and (6c).215

The full, three-dimensional FOV of each snow element is proportional to the area of the inte-
grating sphere seen by the point. Rotating the mean planar angle ψ̄ (7) about the vertical axis z
yields the solid angle Ω of integrating sphere seen by a single snow element:

Ω(r, z;Rs) = 2π

(
1− cos

ψ̄(r, z;Rs)

2

)
(8)

Note that this FOV is purely a geometric measure and thus correction. Radiative transfer is required216

to account for the transmission and scattering by overlying snow.217

The local solid angle Ω depends on cos(ψ̄) (8), a non-linear function of r. Hence (9) differs218

from the solid angle which would be obtained by rotating (8) the areal-mean planar angle (10).219

To correct the albedo contribution from sub-surface snow for the effects of reduced aperture
at depth, we need the areal-mean FOV of all snow at a given depth, i.e., the areal-mean of (8).
Assuming that the sample is uniformly illuminated within a circle of radius R ≤ Rs, then the
area-weighted value of Ω across the illuminated area is:

Ω̄(z;Rs, R) ≡ 1

πR2

∫ R

0

2πrΩ(r, z;Rs) dr

=
2

R2

∫ R

0

r

[
2π

(
1− cos

ψ̄(r, z;Rs)

2

)]
dr

= 2π

[
1− 2

R2

∫ R

0

r cos
ψ̄(r, z;Rs)

2
dr

]
(9)

With the assumption that up-scattered radiation is isotropic, and neglecting other considerations220

such as multiple scattering, the geometric FOV reduces the albedo contribution of depth z snow by221

Ω̄(z)/(2π) relative to its contribution in an ideal detector with FOV= 2π.222
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The areal-mean planar angle ¯̄ψ of the spherical cavity seen by all snow at a given depth is also
of interest.

¯̄ψ(z;Rs, R) ≡ 1

πR2

∫ R

0

2πrψ̄(r, z;Rs) dr

=
2

R2

∫ R

0

r

(
2

π

∫
π/2

0

ψ(r, φ, z;Rs) dφ

)
dr

=
4

πR2

∫ R

0

∫
π/2

0

rψ(r, φ, z;Rs) dφ dr (10)

Unfortunately, the complex form of the planar angles (4) makes algebraic solutions to (7) and
hence to (10) tedious, if even possible. This makes it difficult gain insight into the role of edge ef-
fects in restricting the FOV. Instead, we pursue such intuition by examining closed-form solutions
to (10) for the special, restricted case φ = π/2 (2). First note that (10) is equivalent to

¯̄ψ(z;Rs, R) ≡ 1

πR2

∫ R

0

2πrψ̄(r, z;Rs) dr

=
2

R2

∫ R

0

r[π− (ψ̄1 + ψ̄2)] dr

= π− 2

R2

∫ R

0

r[ψ̄1(r, z;Rs) + ψ̄2(r, z;Rs)] dr (11)

To proceed further, replace ψ̄1(r, z;Rs) and ψ̄2(r, z;Rs) in (11) with ψ1(r, φ = π/2, z;Rs) and
ψ2(r, φ = π/2, z;Rs) (2), respectively, to obtain:

¯̄ψ(φ = π/2, z;Rs, R) = π− 2

R2

∫ R

0

r[ψ1(r, φ = π/2, z;Rs) + ψ2(r, φ = π/2, z;Rs)] dr

= π− 2

R2

∫ R

0

r

[
arctan

(
z

Rs − r

)
+ arctan

(
z

Rs + r

)]
dr (12)

The elimination of the azimuthal integral makes (12) considerably simpler than (10). The algebraic
solution to (12) involves integration-by-parts, and is, as verified by Mathematica (Wolfram Re-
search, 2008):∫

x arctan

(
a

b± x

)
dx =

x2

2
arctan

(
a

b± x

)
± ax

2
∓ (a2 − b2)

2
arctan

(
x± b
a

)
− ab

2
ln(a2 + b2 + x2 ± 2bx) + C

(13)

so that the indefinite integral required to evaluate (12) reduces to∫
x arctan

(
a

b+ x

)
+ x arctan

(
a

b− x

)
dx =

x2

2

[
arctan

(
a

b+ x

)
+ arctan

(
a

b− x

)]
+
b2 − a2

2

[
arctan

(
x+ b

a

)
− arctan

(
x− b
a

)]
− ab

2
ln[(a2 + b2 + x2 + 2bx)(a2 + b2 + x2 − 2bx)] + C

(14)
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where a = z, b = Rs, and x = r. Examination of (14) shows how snow depth z and distance from223

sample axis r contribute individually and in-tandem to the angle available for up-scattered photons224

to enter the integrating sphere.225

The crude, two-dimensional simplification (12) lacks the full three-dimensional physics em-226

bodied in the general form (10). We used (12) to investigate aperture characteristics and to verify227

limiting cases of the general solution (10). Regardless of whether any approximation is used to228

compute ¯̄ψ, one must eventually convert from planar to solid angles to obtain the field-of-view229

(FOV).230

Rotating the aperture-mean mean-planar angle ¯̄ψ (10) about the vertical axis z does not yield
the aperture-mean solid angle FOV (because “the average of the cosine is not the cosine of the
average”). The half-angle formula expresses cos(ψ/2) in terms of cosψ,

cos
ψ

2
= ±

√
1 + cosψ

2
(15)

Applying the half-angle formula (15) to the solid angle of rotation (8),

Ω(r, z;Rs) = 2π

(
1−

√
1 + cos ψ̄(r, z;Rs)

2

)
(16)

Given that ψ is a function (1) of angles whose tangents are known (4), it is possible, for restricted231

values of φ, to solve (16) algebraically.232

The mean FOV approximation (9) applies a snow sample of uniformly illuminated size R. The
diode laser emits into the snow sample a collimated beam of width Rb < Rs. Snow experiencing
this “direct” illumination (i.e., by photons not yet scattered by the sphere walls) is more “on-center”
and has a greater FOV than diffusely illuminated snow. We assume that diffuse illumination, i.e.,
radiation previously scattered by the spherical walls, uniformly illuminates the sample across the
entire aperture. Hence the mean FOV’s of the directly and diffusely illuminated snow, Ω̄�(z) and
Ω̄d(z), respectively, are obtained by setting R = Rb and R = Rs in (10), (12), and (9):

Ω̄�(z) = Ω̄(z;Rs, R = Rb) (17a)

Ω̄d(z) = Ω̄(z;Rs, R = Rs) (17b)

Beam widths are Rb = 0.5, 0.5, 0.5 cm for wavelengths λ = 635, 1310, 1550 nm, respectively.233

Table ?? shows the mean FOV’s (17) as a function of depth z within the sample holder. In234

terms of fractional hemispheres (multiply by 2π to convert to sterradians) so that surface snow has235

Ω̄(0) = 1.236

6.2 Direct vs. Diffuse partitioning237

To account for the directional properties of snow reflectance (Warren and Wiscombe, 1980) one238

must know the direct/diffuse partitioning of the incident radiation. The diode laser emits colli-239

mated radiation directly down into the snow sample where some is (eventually) absorbed and from240

which the rest is up-scattered. The integrating sphere converts up-scattered radiation into (approx-241

imately) isotropic radiation that (usually) interacts multiple times with the sample along with the242
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direct beam. Thus the snow sample simultaneously receives both collimated (direct) and diffuse243

radiation. The question to answer is: what fraction of each?244

Integrating sphere experiments may be modeled as Markov processes in that the relative surface245

areas and reflectivities of the various sphere components determinstically predict the evolution246

of photon states from emission through absorption. Hidović-Rowe et al. (2006) and references247

therein describe and evaluate the assumptions underlying this claim. We adopt their Markov-248

process formalism to estimate the direct/diffuse partitioning of radiation incident on the sample.249

This requires specifying the matrix of transition probabilities of photon states within the integrating250

sphere. The following discussion utilizes the nomenclature and symbols of Hidović-Rowe et al.251

(2006).252

The transition matrix that describes photon states within the sphere depends on geometry and
absorption/reflection characteristics. We consider an integrating sphere comprising a sample, de-
tector, and “holes” (namely the diode-laser aperture) of sizes s, d, and h, respectively. All sizes
are surface areas normalized and non-dimensionalized by 4πR2

IS so that the total integrating sphere
chamber has unity size. In this system, the normalized area α of reflective spherical walls is

α = 1− s− d− h (18)

After their first reflection, photons emitted into the sphere are assumed to be in one of n = 6253

possible states comprising m = 4 absorbing states and l ≡ n −m = 2 reflecting states. Photon254

states are named by the interaction type (absorbing or reflecting) and the element of the integrating255

sphere apparatus with which the interaction occured. There are four elements in the apparatus,256

all of which may absorb photons: 1. Detector, 2. Sample (i.e., snow), 3. Holes (i.e., diode-laser),257

4. Walls. Thus absorbed photons may be in states AD, AS, AH, and AW, respecitvely. After258

absorption, photons cease activity (no further transitions allowed).259

We assume that only the walls and the sample may reflect photons. Photons may be in one of260

two reflecting states, reflected (most recently) by the wall (RW) or by the sample (RS). No other261

states are allowed.262

The transition matrix P among the six states is

Pi,j =

AD AS AH AW RS RW
AD 1 0 0 0 0 0
AS 0 1 0 0 0 0
AH 0 0 1 0 0 0
AW 0 0 0 1 0 0
RS d (1− r)s h (1− w)α rs wα
RW d (1− r)s h (1− w)α rs wα

(19)

where i denotes the row (current photon state) and j denote the column (next state). For example,263

the probability that a photon most recently reflected by the walls will next reflect off the sample is264

P(RW→ RS) = P6,5 = rs. Note that the sum of each row is (and must be) one.265

By construction the transition matrix comprises four sub-matrices

P =

(
I 0
R T

)
(20)

where the m ×m diagonal identity matrix I defines the transition probabilities among absorbing266

states, the m × l zero matrix 0 contains the transition probabilities from absorbing to reflecting267
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states, the l×m matrix R characterizes transitions from reflecting to absorbing states, and the l× l268

matrix T characterizes transitions from reflecting to reflecting states.269

The fundamental matrix Q of the system is

Q = (I − T )−1 (21)

As summarized in Hidović-Rowe et al. (2006), Q defines the number of times each state is visited.270

Therefore the product QR defines the probability of ending in each absorbing state, starting from271

any initial state. The product QT gives the likelihood that, starting from a given reflecting state, a272

photon will next enter another reflecting state.273

The integrating sphere described by (19) represents the simplest apparatus considered here and
in Hidović-Rowe et al. (2006) and has optical property matrices

R =

(
d (1− r)s h (1− w)α
d (1− r)s h (1− w)α

)
(22)

T =

(
rs wα
rs wα

)
(23)

Q = β1

(
1− wα wα
rs 1− rs

)
where (24a)

β1 ≡ (1− rs− wα)−1 (24b)

and

QR = β1

(
d s(1− r) h α(1− w)
d s(1− r) h α(1− w)

)
(25)

QT = β1

(
rs wα
rs wα

)
(26)

The long-term statistics of the system (25)–(26) describe the quantity of immediate interest,
i.e., the relative fractions of incident direct and diffuse radiation. Because the diode laser in our
integrating sphere emits a collimated beam directly onto the snow sample, diffuse radiation must
initially reflect from the sample surface and then from a wall. The fraction of emitted photons that
initially backscatter from the sample surface is the direct albedo ṙ, not to be confused with the
albedo to diffuse radiation r. We idealize the snow as a Lambertian surface so that backscattered
radiation is isotropic. Hence, the fraction f ↑RS of emitted photons that start in state RS and are then
subject to the transition matrix rules (19)–(26) is

f ↑RS = ṙ (27)

The transformation of this state RS radiation (27) into diffuse radiation incident on the snow-
pack is described by a combination of three long-term probabilities. First, the state RS photons
must reflect from walls to become state RW photons. This probability is

P(RS→ RW) = P5,6 = wα (28)
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The fraction f ↑RW of emitted photons that progress to state RW is therefore (27) times (28)

f ↑RW = f ↑RS × P(RS→ RW)

= ṙwα (29)

The likelihood that diffuse radiation strikes the snow sample (i.e., after reflecting from a wall) is
the union (sum) of the probabilities that state RW photons transition to state RS or AS photons in
the long term, i.e.,

p(RW→ RS||AS) = QT (RW→ RS) + QR(RW→ AS)

= (QT )2,1 + (QR)2,2

= rsβ1 + s(1− r)β1

= β1s

= s/(1− rs− wα) (30)

The diffuse radiation incident on the sample comprises the initial fraction of backscattered
photons that then reflect off a wall and, eventually, back to the sample. These events are indepen-
dent so the probability of their all occuring is the product of their individual probabilities. Hence
the diffuse radiation f ↓d incident on the sample is, as a fraction of the laser-emitted radiation, the
product of (27)–(30):

f ↓d = f ↑RW × p(RW→ RS||AS)

= f ↑RS × P(RS→ RW)× p(RW→ RS||AS)

= ṙ × wα× s/(1− rs− wα)

=
ṙwαs

1− rs− wα
(31)

In practice some of the laser-emitted radiation diverges from the collimated beam and strikes
the reflective sphere before the snow sample. Imperfections in the laser optics cause this “stray
light”. We assume that a fraction f̃ of laser-emitted photons enter the sphere as diffuse illumination.
The conservative assumption is that those diffuse-emitted photons that reflect from the first wall
immediately enter state RW. This “RW-assumption” for the mixture of stray and collimated light
emitted by the laser, in fractions f̃ and ḟ , respectively, supercedes (29), which asssumed entirely
collimated light incident on the sample, and leads instead to

f ↑RW = ḟ ṙwα + f̃w

= ḟ ṙwα + (1− ḟ)w

= [1 + ḟ(ṙα− 1)]w (32)

where conservation of the emitted photons is expressed by

f̃ + ḟ ≡ 1 (33)

The diffuse-emitted photons are indistinct from the direct-emitted (collimated) photons except
that the former first strike the sphere walls and the latter first strike the sample surface. Laser-
design ensures, and observations confirm, that the emitted photon flux peaks at, and diminishes
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radially outwards from, the sample center. With this picture in mind, we see that the majority of
diffuse-emitted photons probably act like state RS photons after the first reflection, and require a
second reflection before behaving like isotropic state RW photons. Under this “RS-assumption”
the correction of (29) becomes

f ↑RW = ḟ ṙwα + f̃w2α

= ḟ ṙwα + (1− ḟ)w2α

= [w + ḟ(ṙ − w)]wα (34)

Laser diode optics are usually good enough to assume that f̃ � ḟ . However, it may simul-274

taneously be true that ṙ � w at near-infrared wavelengths and/or for heavily contaminated snow275

samples. In such cases stray light makes a considerable contribution to f ↑RW (32). This contribution276

causes the detector to measure a signal even for perfectly black samples. It is important to estimate277

the size of the expected signal from stray light, especially for low reflectance surfaces.278

The detected light is determined by the long term transition probability that the reflected light
enters state AD, i.e., is absorbed by the detector. If all light is collimated and strikes the sample
first, then this probability is QR(RS→ AD) and the measured signal m is

m = f ↑RS × QR(RS→ AD)

= f ↑RS × (QR)1,1

= ṙ × dβ1

= ṙdβ1

=
ṙd

1− rs− wα
(35)

The measured signal is proportional to the direct reflectance and to the detector area.279

If we account for the presence of stray-emitted photons and make the “RW-assumption” (32)
then

m = ḟ × f ↑RS × QR(RS→ AD) + f̃ × f ↑RW × QR(RW→ AD)

= ḟ × f ↑RS × (QR)1,1 + (1− ḟ)× f ↑RW × (QR)2,1

= ḟ ṙdβ1 + (1− ḟ)wdβ1

= [ḟ ṙ + (1− ḟ)w]dβ1

=
[ḟ ṙ + (1− ḟ)w]d

1− rs− wα
(36)

The stray light contributes a signal independent of ṙ, in contrast to (35).280

When we account for the presence of stray-emitted photons and make the “RW-assumption”
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(32) the measured signal in integrating sphere with a flat sample and an optical baffle becomes

m = ḟ × f ↑RS × QR(RS→ AD) + f̃ × f ↑RW × QR(RW→ AD)

= ḟ × f ↑RS × (QR)1,1 + (1− ḟ)× f ↑RW × (QR)2,1

= ḟ × ṙ × dwαβ3

1− (s+ d)
+ (1− ḟ)× w × dβ3

=
ḟ ṙdwαβ3

1− (s+ d)
+ (1− ḟ)wdβ3

=

(
ḟ ṙα

1− (s+ d)
+ (1− ḟ)

)
× wdβ3

=

(
ḟ ṙα

1− (s+ d)
+ (1− ḟ)

)
× 1− (s+ d)

1− (s+ d)− wα{1− [d+ (1− r)s]}
× wd

=
wd{ḟ ṙα + (1− ḟ)[1− (s+ d)]}

1− (s+ d)− wα{1− [d+ (1− r)s]}
(37)

The contribution of (initially) diffuse illumination to illumination of the sample follows the
logic leading to (31), with the exception that the photons in state RW are assumed to follow either
the “RW-asumption” (32) or the “RS-asumption” (34). Correcting the estimate of diffuse down-
welling radiation f ↓d (31) to account for emission fractions ḟ and f̃ initially striking the sample and
the sphere walls, respectively, under the “RW-assumption”, yields

f ↓d = f ↑RW × p(RW→ RS||AS)

= [1 + ḟ(ṙα− 1)]w × s/(1− rs− wα)

=
[1 + ḟ(ṙα− 1)]ws

1− rs− wα
(38)

Two geometric refinements to the simple integrating sphere described above improve the rep-
resentation of the actual integrating sphere. Both refinements were suggested by Hidović-Rowe
et al. (2006). The first correction makes the sample flat rather than curved. A flat sample has

P(RS→ AS) = P5,2 = P(RS→ RS) = P5,5 = 0 (39)

Photons reflected by a flat sample cannot next be absorbed or reflected by the sample. Therefore
the photon interaction probability with all other surfaces must increase by a factor (1 − s)−1.
Transitions from the RS state occur with larger probabilities than predicted solely by the geometric
area of the next state. Re-normalizing the RS row in (19) by (1 − s), we obtain the transition
matrix P ′ for the integrating sphere with the flat sample

P ′i,j =

AD AS AH AW RS RW
AD 1 0 0 0 0 0
AS 0 1 0 0 0 0
AH 0 0 1 0 0 0
AW 0 0 0 1 0 0
RS d/(1− s) 0 h/(1− s) (1− w)α/(1− s) 0 wα/(1− s)
RW d (1− r)s h (1− w)α rs wα

(40)
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The same procedures applied to P (19) to obtain (22)–(26) must be applied to P ′ (40) to obtain
the fundamental matrix and long-term transition probabilities of the integrating sphere with a flat
sample. For simplicity we omit the prime notation.

R =

 d

1− s
0

h

1− s
(1− w)α

1− s
d (1− r)s h (1− w)α

 (41)

T =

(
0

wα

1− s
rs wα

)
(42)

Q = β2

(
1− wα wα

1− s
rs 1

)
where (43a)

β2 ≡
1− s

1− s− wα[1− (1− r)s]
(43b)

and

QR = β2


d

1− s
swα

(1− r)(1− s)
h

1− s
(1− w)α

1− s
d[1− (1− r)s]

1− s
(1− r)s h[1− (1− r)s]

1− s
(1− w)α[1− (1− r)s]

1− s


(44)

QT = β2


rswα

1− s
wα

1− s
rs

wα[1− (1− r)s]
1− s

 (45)

Correcting the estimate of diffuse downwelling radiation f ↓d (31) to account for the refined (flat
sample) geometry leads to

f ↓d = f ↑RS × P(RS→ RW)× p(RW→ RS||AS)

= ṙ × P(RS→ RW)× p(RW→ RS||AS)

= ṙ × wα/(1− s)× β2s

=
ṙwαs

1− s− wα[1− s(1− r)]
(46)

The second refinement made to the simple sphere (19) simulates the optical baffle between the
sample and the detector. This small baffle (radius = fxm) prevents any specular reflection of the
incident collimated laser beam from reaching the detector so

P(RS→ AD) = P5,1 = 0 (47)

This alone increases the interaction probability of state RS photons with the permitted transitions
of (19) by a factor (1−d)−1. The baffle and flat-sample conditions together increase the interaction
probability of state RS photons with the remaining permitted transitions (to AH, AW, and RW) of
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(19) by a combined factor [1 − (s + d)]−1. This factor is simply the inverse relative surface area
of the permitted transitions. Re-normalizing the RS row in (19) by [1 − (s + d)]−1, we obtain the
transition matrix P ′′ for the integrating sphere with the flat sample and an optical baffle to specular
reflection

P ′′i,j =

AD AS AH AW RS RW
AD 1 0 0 0 0 0
AS 0 1 0 0 0 0
AH 0 0 1 0 0 0
AW 0 0 0 1 0 0
RS 0 0 h/[1− (s+ d)] (1− w)α/[1− (s+ d)] 0 wα/[1− (s+ d)]
RW d (1− r)s h (1− w)α rs wα

(48)
The same procedures applied to P (19) to obtain (22)–(26) must be applied to P ′′ (48) to obtain

the fundamental matrix and long-term transition probabilities of the integrating sphere with a flat
sample and an optical baffle to specular reflection. For simplicity we omit the prime notation.

R =

0 0
h

1− (s+ d)

(1− w)α

1− (s+ d)
d (1− r)s h (1− w)α

 (49)

T =

(
0

wα

1− (s+ d)
rs wα

)
(50)

Q = β3

(
1− wα wα

1− (s+ d)
rs 1

)
where (51a)

β3 ≡
1− (s+ d)

1− (s+ d)− wα{1− [d+ (1− r)s]}
(51b)

and

QR = β3


dwα

1− (s+ d)

(1− r)swα
1− (s+ d)

h

1− (s+ d)

1− wα
1− (s+ d)

d (1− r)s h{1− [d+ (1− r)s]}
1− (s+ d)

(1− w)α{1− [d+ (1− r)s]}
1− (s+ d)


(52)

QT = β3


rswα

1− (s+ d)

wα

1− (s+ d)

rs
wα{1− [d+ (1− r)s]}

1− (s+ d)

 (53)

Correcting the estimate of diffuse downwelling radiation f ↓d (31) to account for the refined (flat
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sample with baffle to specular reflection) geometry leads to

f ↓d = f ↑RS × P(RS→ RW)× p(RW→ RS||AS)

= ṙ × P(RS→ RW)× p(RW→ RS||AS)

= ṙ × wα/[1− (s+ d)]× β3s

=
ṙwαs

1− (s+ d)− wα{1− [d+ (1− r)s]}
(54)

Correcting the preceding expression (54) to account for emission fractions ḟ and f̃ initially
striking the sample and the sphere walls, respectively, under the “RW-assumption”, yields

f ↓d = [f ↑RS × P(RS→ RW) + f ↑RW]× p(RW→ RS||AS)

=

[
ḟ ṙ × wα

1− (s+ d)
+ (1− ḟ)w

]
× β3s

=

[
ḟ ṙ × wα

1− (s+ d)
+ (1− ḟ)w

]
× s[1− (s+ d)]

1− (s+ d)− wα{1− [d+ (1− r)s]}

=
ws{ḟ ṙα + [1− (s+ d)](1− ḟ)}

1− (s+ d)− wα{1− [d+ (1− r)s]}
(55)

6.3 Sample Penetration281

As mentioned above, deeper snow contributes less to surface reflectance for two independent rea-282

sons: screening by upper layers and smaller fields-of-view (FOV) into the integrating sphere.283

The reduced albedo contribution by deeper sample layers is estimated the layer contribution
to surface albedo weighted by the layer solid-angle correction (17). The layer contribution to sur-
face albedo is estimated using the adding method for homogeneous layers in the delta-Eddington
approximation (Joseph et al., 1976). The delta-Eddington approximation solves the two-stream
radiative transfer equations for the scaled optical properties defined by

τ ∗e = τe(1−$f) (56)

$∗ = $

(
1− f

1−$f

)
(57)

g∗ =
g − f
1− f

(58)

where τe is the extinction optical depth, $ is the single scattering albedo, g is the asymmetry pa-284

rameter, and f is the radiation fraction assumed scattered into the delta-function forward peak and285

is assumed to equal the second moment of the phase function expansion into Legendre polynomials286

(Joseph et al., 1976).287

The solution to the delta-Eddington approximation can be written as a collection of layer re-
flectances and transmissions to direct and diffuse incident radiation (Wiscombe, 1977). These re-
flectances and transmissions depend on a number of intermediate parameters that, for convenience,
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we show in order of their computational dependence. Following the nomenclature of Coakley et al.
(1983), the intermediate parameters that depend on the scaled optical properties (57)–(58) as

λ =
√

3(1−$∗)(1−$∗g∗) (59)

α =
3$∗µ0

4

(
1 + g∗(1−$∗)

1− λ2µ2
0

)
(60)

γ =
$∗

2

(
1 + 3g∗(1−$∗)µ2

0

1− λ2µ2
0

)
(61)

u =
3

2
(1−$∗g∗λ) (62)

N = (u+ 1)2eλτ
∗
e − (u− 1)2e−λτ

∗
e (63)

where µ0 is the cosine of the solar zenith angle.288

The layer reflectances and transmissions in the delta-Eddington approximation follow from
the parameters (59)–(63). First, the reflectance R̄ and transmittance T̄ of a homogeneous layer to
isotropic incident radiation are

R̄ = (u+ 1)(u− 1)(eλτ
∗
e − e−λτ

∗
e )/N (64)

T̄ = 4u/N (65)

Next, it is helpful to distinguish between the two most common types of transmittance for they
are easily confused. The direct-beam transmittance Ṫ� is the ratio of the direct beam exiting a
layer to the direct beam incident on the layer.

Ṫ� = e−τ
∗
e /µ0 (66)

The direct-beam transmittance simply expresses Beer’s law. We will see that Ṫ� (66) attenuates289

many factors that occur in the direct reflectances and total transmittances (67)–(68).290

The second common form of transmittance is the total transmittance Ṫ to direct-incident radi-
ation. This is the sum of direct and diffuse flux exiting the layer divided by the direct flux entering
the layer. With this distinction in mind, we can finally define the the reflectance Ṙ and the total
transmittance Ṫ of a homogeneous layer to direct-incident radiation 1

Ṙ = (α− γ)T̄ e−τ
∗
e /µ0 + (α + γ)R̄− (α− γ)

= (α− γ)T̄ Ṫ� + (α + γ)R̄− (α− γ) (67)
Ṫ = (α + γ)T̄ + (α− γ)R̄e−τ

∗
e /µ0 − (α + γ − 1)e−τ

∗
e /µ0

= (α + γ)T̄ + [(α− γ)R̄− (α + γ − 1)]Ṫ� (68)

As mentioned earlier, both Ṙ (67) and Ṫ (68) depend on Ṫ� (66).291

Procedures to determine the reflectances and transmittances of inhomogeneous layers include292

the discrete ordinates (Stamnes et al., 1988) and adding-doubling (Hunt, 1971) methods. These293

methods decompose the inhomogeneous layer into a stack of homogeneous layers. Such decom-294

positions involve scale-dependent assumptions that we will ignore.295

1Note that the multiplier of the R̄ term in (67) is (α+ γ) not (α− γ). This correction, also present in Collins et al.
(2006), fixes a typo in Coakley et al. (1983) Equation (B1).
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The relative contribution of depth z snow to the total sample albedo is of primary interest. This296

contribution reveals whether the sample holder is deep enough to appear semi-infinite. The two-297

stream approximation with delta-Eddington correction (Joseph et al., 1976) is sufficiently accurate298

for our purposes of determining relative albedo contributions (Warren and Wiscombe, 1980).299

The adding procedure for combining optical properties of homogeneous layers is exact and300

may be applied to any number of radiances or “streams” or radiation. We derive the procedure for301

S-streams, and then apply it for S = 2 following Coakley et al. (1983). The system comprises302

N homogeneous layers surrounded by N + 1 interfaces. Layer 1 is, by convention, beneath inter-303

face 0 and above interface 1. An arbitrary layer k is beneath interface k−1 and is above interface k.304

The S-element vectors I+
k and I−k contain the up- and down-welling radiances, respectively, that305

cross interface level k.306

Each layer reflects and transmits the incident radiances from above and below. The S × S-
element reflection and transmission matrices for each layer, Rk and Tk, respectively, transform the
incident radiances into exitant radiances. The incident and exitant intensities are, at level zero (top
of layer 1),

I+
0 = R1I

−
0 + T1I

+
1 (69a)

I−0 = Boundary Condition (69b)

and are, at level one (bottom of layer 1 and top of layer 2),

I+
1 = R2I

−
1 + T2I

+
2 (70a)

I−1 = R1I
+
2 + T1I

−
0 (70b)

and are, at general level k (bottom of layer k and top of layer k + 1),

I+
k = Rk+1I

−
k + Tk+1I

+
k+1 (71a)

I−k = RkI
+
k+1 + TkI

−
k−1 (71b)

What we seek from this set of coupled matrix equations is a method to obtain the equivalent
optical properties of an arbitrary number of layers. First we eliminate I−1 from the expression for
I+

1 by inserting (70b) into (70a),

I+
1 = R2(R1I

+
1 + T1I

−
0 ) + T2I

+
2

I+
1 = R2R1I

+
1 + R2T1I

−
0 + T2I

+
2

(1 − R2R1)I
+
1 = R2T1I

−
0 + T2I

+
2

(1 − R2R1)
−1(1 − R2R1)I

+
1 = (1 − R2R1)

−1R2T1I
−
0 + (1 − R2R1)

−1T2I
+
2

I+
1 = (1 − R2R1)

−1R2T1I
−
0 + (1 − R2R1)

−1T2I
+
2 (72)

where 1 ≡ I is the (diagonal) identity matrix 1i,j = δ(i− j) and the negative one exponent applied307

to matrices (e.g., R−1) refers to matrix inversion. Note that the matrix algebra just applied is not308

commutative over multiplication.309

We eliminate I+
1 from the expression for I+

0 by inserting (72) into (69a),

I+
0 = R1I

−
0 + T1[(1 − R2R1)

−1R2T1I
−
0 + (1 − R2R1)

−1T2I
+
2 ]

= [R1 + T1(1 − R2R1)
−1R2T1]I

−
0 + T1(1 − R2R1)

−1T2I
+
2 (73)
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Examination of (73) shows that the (matrix) coefficients of I−0 and I+
2 express the reflectance and

transmittance, respectively, of the (inhomogeneous) two-layer system. More specifically, we define

R21 ≡ R1 + T1(1 − R2R1)
−1R2T1 (74a)

T12 ≡ T1(1 − R2R1)
−1T2 (74b)

so that (73) may also be written as

I+
0 = R21I

−
0 + T12I

+
2 (75)

Note carefully the subscript ordering2 R21 in (74a) is the reflectance matrix that transforms down-310

welling radiation incident on the two-layer system (recall that layer 1 is above layer 2) from above311

into upwelling radiation leaving layer 1. These reflected photons encounter layer 1 first and last,312

and, possibly, layer 2 in-between. T12 in (76a) is the transmittance of upwelling radiation incident313

on the two-layer system from below. These photons encounter layer 2 first and layer 1 last.314

The reflection and transmission matrices for photons incident in the opposite sense (i.e., up-
welling photons from below reflected back down, and downwelling photons from above transmit-
ted through) may be obtained by switching the indices of (74),

R12 ≡ R2 + T2(1 − R1R2)
−1R1T2 (76a)

T21 ≡ T2(1 − R1R2)
−1T1 (76b)

so that the downwelling intensity beneath the inhomogeneous two-layer system is

I−2 = R12I
+
2 + T21I

−
0 (77)

As mentioned earlier, these relations were derived for and apply to S × S-element reflection and315

transmission matrices that determine the S-element vectors that transform radiances incident on316

an inhomogeneous two-level system into exitant radiances.317

We now restrict our attention to the two-stream case where all diffuse radiance is assumed to be
isotropic. Since the diffuse radiance is isotropic, the reflection and transmission matrices reduce to
scalar properties of each level (64)–(68). The two-stream properties of an inhomogeneous system
are obtained by substituting these scalar properties for the matrices in (74)–(76). We find that an
arbitrary layer 1 (or layer-combination) with scalar properties Ṙ1, Ṫ1, R̄1, T̄1, overlying a layer 2
(or layer-combination) with scalar properties Ṙ2, Ṫ2, R̄2, T̄2, behaves, as a system, with scalar
optical properties. The combined reflectance and transmittance of the two-layer system to diffuse
radiation incident from above, R̄12 and T̄12, respectively, are

R̄12 = R̄1 +
T̄1R̄2T̄1

1− R̄1R̄2

(78)

T̄12 =
T̄1T̄2

1− R̄1R̄2

(79)

2The somewhat confusing convention or ordering the layers in reverse order from that which photons encounter
them is due to Coakley et al. (1983).
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We have changed index conventions for the scalar two-stream properties. The subscripts for R̄12318

(78) are in the order that downwelling photons from above encounter layers 1 (first and last) and 2319

(possibly in-between). This notation for the two stream quantities agrees with Collins et al. (2006)320

and is opposite that of Coakley et al. (1983) which is used in (74)–(76). The index convention is,321

essentially, unchanged for the two-stream diffuse transmission T̄12 (79), since T̄12 is independent322

of layer-order. However, the diffuse reflectance R̄12 (78) depends on layer-order, so one must323

carefully remember the index convention employed to label two-stream diffuse reflectances.324

The reflectance and total transmittance of the combined system to downwelling direct-incident
radiation, Ṙ12 and Ṫ12, respectively, are

Ṙ12 = Ṙ1 +
T̄1[(Ṫ1 − e−τ

∗
1 /µ0)R̄2 + e−τ

∗
1 /µ0Ṙ2]

1− R̄1R̄2

= Ṙ1 +
T̄1[(Ṫ1 − Ṫ�1 )R̄2 + Ṫ�1 Ṙ2]

1− R̄1R̄2

(80)

Ṫ12 = e−τ
∗
1 /µ0Ṫ2 +

T̄2(Ṫ1 − e−τ
∗
1 /µ0 + e−τ

∗
1 /µ0Ṙ2R̄1)

1− R̄1R̄2

= Ṫ�1 Ṫ2 +
T̄2(Ṫ1 − Ṫ�1 + Ṫ�1 Ṙ2R̄1)

1− R̄1R̄2

(81)

Both Ṙ12 and Ṫ12 depend on layer-order. They are written in the Collins et al. (2006) conven-325

tion where the indices of the inhomogeneous combination are written in the order that photons326

would encounter the layers. The factor Ṫ1 − e−τ
∗
1 /µ0 is the fraction of direct-incident radiation that327

transforms to diffuse-exitant radiation while transiting the layer.328

6.4 Discretization329

We discretize the 25 mm depth sample holder onto a 32 layer stretched grid with vertical resolution330

ranging from 0.1 mm at the top to 2.5 mm at the bottom.331

Table ?? shows the contribution of the sample holder bottom to the surface albedo at wave-332

lengths of 635, 1310, and 1550 nm for various snow densities.333
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7 GDZ09334

Condensed text suggested for Gallet et al. (2008):335

Modeling snow reflectance in our system therefore requires the estimation of the amount of
diffuse light hitting the snow. The photon distribution in an ideal integrating sphere evolves as
a Markov process (Pickering et al., 1993). We adapted the simple yet accurate Markov model
presented and evaluated in Hidović-Rowe et al. (2006) to our experimental geometry. The model
assumes that the snow surface is flat and Lambertian. It also accounts for the optical baffle which
blocks the detector from specular reflection (Figure 1). Adopting the terminology of Hidović-Rowe
et al. (2006), we can express the diffuse downwelling irradiance f ↓d as a fraction of the incident
direct beam,

f ↓d =
ṙwαs

1− (s+ d)− wα{1− [d+ (1− r)s]}
(82)

where ṙ is the snow reflectance to direct normal radiation, and w and r are, respectively, the336

reflectances of the sphere wall and the snow to isotropic illumination. The remaining parameters337

are the normalized surface areas of the sphere walls (α = 0.9816), photodiode (d = 0.000225),338

and snow sample (s = 0.01588).339

Correcting the preceding expression (82) to account for emission fractions ḟ and 1− ḟ initially
striking the sample (collimated photons) and the sphere walls (stray photons), respectively, yields

f ↓d =
ws{ḟ ṙα + [1− (s+ d)](1− ḟ)}

1− (s+ d)− wα{1− [d+ (1− r)s]}
(83)

The signal expected to be measured at the photodiode is

m =
wd{ḟ ṙα + (1− ḟ)[1− (s+ d)]}

1− (s+ d)− wα{1− [d+ (1− r)s]}
(84)

To estimate the contribution of the geometric artifact to surface albedo As, we modeled As

as the sum over all snow layers of the product of two independent terms: the mean field-of-view
(FOV, measured in hemispheres) subtended, and the albedo contribution A predicted by plane-
parallel radiative transfer theory,

As =
∑
k

FOVkAk (85)

The snow was discretized on a 32-layer vertical grid stretching in layer thickness from 0.1 mm near340

the top to 2.5 mm near the bottom. On this grid, the top layer contributes about 10% to As.341

For each layer, we calculated the mean solid angle of the integrating sphere subtended by each342

snow layer. Snow farther from the central axis of the sample container subtends a smaller planar343

angle ψ of the aperture (Figure 3), and occupies a greater relative surface area, than snow nearer344

the central axis. The average layer FOV is estimated as the surface-area mean FOV of all snow345

extending out to the radius of illumination. Note that the FOV determined in this way is geometric346

only; it does not account for attenuation and scattering. The FOV of diffusely illuminated snow347

decreases from 1.0 to 0.43 to 0.2 hemispheres as snow depth increases from 0 to 13 to 25 mm. At348
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25 mm depth, the mean FOV for snow illuminated by the collimated beam (∼ 1.0 cm diameter)349

exceeds that of snow diffusely illuminated across the entire aperture by about 6%.350

The plane-parallel prediction of each layer’s contribution to albedo Ak (85) was constructed by351

applying the adding method to the delta-Eddington approximation of snow sample optical prop-352

erties. After first discretizing the (presumably) homogeneous snow sample into 32 layers, the353

procedure of Coakley et al. (1983) was used to determine and add the optical properties for each354

layer. We treat the sample holder bottom as an additional layer with reflectance 6% and trans-355

mittance 0% in order to determine its contribution to albedo. At 1310 nm, the surface albedo356

in the 13 mm sample-holder is within about 2.5% of its semi-infinite value for fresh new snow357

of low density (density= 50 kg m−3, SSA = 1000 m2 kg−1). For fresh snow of higher density358

(> 100 kg m−3), or for the 25 mm sample-holder, As deviates from A∞ by < 0.1%. For instance,359

this method estimates that the absorbing lower boundary reduces the measured reflectance of the360

samples in Table 1 by from their semi-infinite value361

The geometric correction (85) reduces the plane-parallel modeled albedo As for shown in Ta-362

ble 1 by 4.3%, 4.5%, 4.7%, 1.7%, and 2.3%, respectively. This correction reduces the bias363

between the measured and plane-parallel modeled reflectances in Table 1 by 25–50%. Hence this364

geometric correction reduces the maximum discrepancy between our measurements and plane-365

parallel geometry from 12% to 7%. At the same time, the geometric correction reduces As by less366

than ∼ 1% for denser snow (> 200 kg m−3) with moderate SSA(∼ 66 m2 kg−1).367

Text for conclusions?: The finite horizontal and vertical dimensions of the sample perturb the368

snow albedo from its semi-infinite, plane-parallel value. This correction can be approximated (85)369

in terms of the layer-dependent field-of-view and the corresponding plane-parallel layer albedo370

contribution. These factors are intuitive and predictable for all wavelengths with standard methods.371

This geometric correction agrees well (fxm—Ghislain?) with 3D-ray tracing simulations of the372

integrating sphere geometry.373
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Appendix374

Table 2: Notation

Sym. Description Value/Units

0 Zero matrix fraction
1 Identity matrix fraction
α Normalized wall area 0.98114
α Intermediate term in two-stream

solution
fraction

β Matrix diagonalization factor fraction
γ Intermediate term in two-stream

solution
fraction

λ Intermediate term in two-stream
solution

fraction

µ0 Cosine solar zenith angle fraction
τe Extinction optical depth fraction
τ ∗e Scaled extinction optical depth fraction
φ Azimuthal angle radian
ψ Planar angle subtended from

point by aperture
radian

ψ̄ Mean planar angle subtended
from point

radian

¯̄ψ Mean planar angle subtended by
entire aperture

radian

Ω Solid angle subtended from
point to aperture

steradian

Ω̄d Mean solid angle subtended by
diffusely illuminated aperture

steradian

Ω̄� Mean solid angle subtended by
directly illuminated aperture

steradian

$ Single scattering albedo fraction
$∗ Scaled single scattering albedo fraction
AD State: Absorbed by detector none
AS State: Absorbed by sample none
AH State: Absorbed by hole none
AW State: Absorbed by wall none
C Integration constant none
d Normalized detector area 0.0009
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Table 2: (continued)

Sym. Description Value/Units

f̃ ↓d Diffuse downwelling
re-illumination from “stray
light”

f̃ Fraction radiation emitted as
diffuse “stray light”

ḟ Fraction radiation emitted as
direct, collimated light

f ↓d Fraction diffuse downwelling
radiation

fraction

f ↑RS Fraction radiation backscattered
into state RS

fraction

f ↑RW Fraction radiation backscattered
into state RW

fraction

f Fraction scattered into
delta-peak

fraction

g Asymmetry parameter fraction
g∗ Scaled asymmetry parameter fraction
h Normalized hole (laser source)

area
0.00234

I Identity matrix fraction
I+ Upwelling intensity vector W m−2 Hz−1 sr−1

I− Downwelling intensity vector W m−2 Hz−1 sr−1

k Layer index number
l Number of reflecting states number
m Number of absorbing states number
N Number of layers number
N Intermediate term in two-stream

solution
fraction

n Number of total states number
P Transition matrix fraction
Q Fundamental matrix fraction
R Markov Reflection→Absorption

matrix
fraction

R Layer reflection matrix fraction
R Radius of illumination cm
Rb Collimated beam radius 0.5 cm
Rd Detector radius 0.457 cm
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Table 2: (continued)

Sym. Description Value/Units

Re Sample-holder radius 3.165 cm
Rs Sample-aperture radius 1.9 cm
Rh Laser diode radius 0.736 cm
RIS Integrating sphere radius 7.62 cm
R̄ Reflectance to diffuse radiation fraction
Ṙ Reflectance to direct radiation fraction

R̄12 Reflectance of combined
layers 1 over 2 to isotropic
radiation incident from above

fraction

Ṙ12 Reflectance of combined
layers 1 over 2 to direct
radiation incident from above

fraction

RS State: Reflected from sample none
RW State: Reflected from wall none
r Sample diffuse reflectance fraction
ṙ Sample direct reflectance fraction
S Number of radiance streams number
s Normalized sample area 0.0156

T Markov Reflection→Reflection
matrix

fraction

T Layer transmission matrix fraction
Ṫ� Direct-beam transmittance fraction
T̄ Transmittance to diffuse

radiation
fraction

T̄12 Transmittance of combined
layers 1 over 2 to isotropic
radiation incident from above

fraction

Ṫ Total transmittance to direct
radiation

fraction

Ṫ12 Total transmittance of combined
layers 1 over 2 to direct
radiation incident from above

fraction

u Intermediate term in two-stream
solution

fraction

w Wall reflectance 0.985
x Dummy variable for integration none
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